In this paper, we present a semi-analytic model for self-consistently evolving a population of globular clusters (GCs) in a given host galaxy across cosmic time. We use this model to compute the fraction of GCs still hosting intermediate-mass black holes (IMBHs) at a given redshift in early and late type galaxies of different masses and sizes, and the corresponding rate of tidal disruption events (TDEs) between stars and IMBHs. This is done for both main-sequence (MS) and white dwarf (WD) stars, and we compare their relative rates as a function of cosmic time for different assumed time-averaged stellar mass functions. We find that, for many host galaxies, the integrated TDE rate for the entire GC population can exceed the corresponding rates in a given galactic nucleus due to an SMBH and that 50% and 90% of the TDEs reside in GCs within a maximum radius of ∼ 2−4 kpc and ∼ 5−15 kpc, respectively, from the host galaxy's center. This suggests that observational efforts designed to identify TDEs should not confine themselves to galactic nuclei alone, but should also consider the outer galactic halo where massive old GCs hosting IMBHs would reside. Indeed, such off-centre TDEs as predicted here may already have been observed. We further find that the TDE rates in elliptical and spiral galaxies are similar to within 10%. MS TDE rates are more common than WD TDE rates by a factor 30 (100) at z ≤ 0.5 (z = 2). We also calculate the rate of IMBH-SBH mergers across cosmic time, finding that the typical IMRI rate at low redshift is of the order of ≈ 0.5 − 3 Gpc −3 yr −1 , which becomes as high as ≈ 100 Gpc
INTRODUCTION
While the existence of supermassive (SMBHs, M 10 5 M ) and stellar-mass black holes (SBHs, 10 M M 100 M ) has been confirmed, there is only circumstantial observational evidence for the presence of intermediate-mass black holes (IMBHs) (100 M M 10 5 M ). One place to look for IMBHs is at the centres of globular clusters (GCs), assuming that the observed M SMBH − σ relation (σ is the velocity dispersion) holds also for the range of IMBH masses (e.g. Merritt 2013) .
GCs are one of the most promising environments to form an IMBH. Several studies showed that the most massive stars may segregate and merge in the core of the cluster, forming a massive growing object of similar mass to an IMBH (Miller & Hamilton 2002; Portegies Zwart & McMillan 2002; Freitag et al. 2006; Giersz et al. 2015) . If IMBHs reside at the centres of GCs, they interact with the host cluster environment and influence its evolution and composition (Leigh et al. 2014; Baumgardt 2017) . No strong dynamical evidence has been found for the existence of IMBHs in GCs to date, in part due to a lack of sufficiently high-resolution data for the innermost GC regions. In spite of this, the hunt for IMBHs is still very active (Cann et al. 2018; Chilingarian et al. 2018; Tremou et al. 2018; Wrobel et al. 2018) . Recently, Lin et al. (2018) observed a TDE event consistent with an IMBH in an off-centre star cluster, at a distance of ∼ 12.5 kpc from the center of the host galaxy. Based on N-body modelling, two clusters have been claimed to host an IMBH in the Milky Way, i.e. ω Cen (Baumgardt 2017 ) and 47 Tuc (Kızıltan et al. 2017) .
The Milky Way galactic centre may host several IMBHs in its nuclear star cluster, possibly delivered by inspiraling clusters (Portegies Zwart & McMillan 2002; Fragione et al. 2017 Fragione et al. , 2018b , whose dynamical effects and/or nHz-frequency gravitational waves may be detected in the future (Gualandris & Merritt 2009; Gualandris et al. 2010; Kocsis et al. 2012; Lütz-gendorf et al. 2013; Merritt 2013; Leigh et al. 2014; MacLeod et al. 2016; Fragione et al. 2018b) .
Gravitational wave (GW) astronomy will help in the hunt for the first IMBHs to be discovered and confirmed. IMBH-SBH binaries may form in the core of GCs and may merge as IMRIs (intermediate mass ratio inspirals), which represent a down-sized version of extreme mass-ratio inspirals, the inspiral of a stellar BH into an SMBH (Hopman & Alexander 2006; Amaro-Seoane et al. 2007; Mandel et al. 2008) . Present and upcoming facilities, such as LIGO 1 , the Einstein Telescope 2 (ET), and LISA 3 , will be able to detect IMBH-SBH binaries of different masses (up to ≈ 100 − 1000 M , ≈ 10 3 − 10 4 M and 10 4 M , respectively). Recently, Fragione, Ginsburg, & Kocsis (2018b) investigated the overall IMRI rate across cosmic time from a population of primordial GCs in a Milky Way-like galaxy. They showed that the largest contribution to the rate is due to IMBHs in the more massive clusters. Indeed, when IMBH-SBH binaries merge as a consequence of GW emission, the product is imparted a GW recoil kick which may be up to several thousand km s −1 times η 2 , depending on the symmetric mass ratio η = m 1 m 2 /(m 1 + m 2 ) 2 (where m 1 and m 2 are the masses of the IMBH and SBH, respectively) and the relative spin geometry, which removes the IMBH from low mass clusters (Lousto et al. 2010; Lousto & Zlochower 2011; Lousto et al. 2012) .
If not illuminated by a GW IMRI event or electromagnetic emission due to gas accretion, an IMBH would remain invisible. A couple of bright point-like ultra-luminous X-ray sources (10 39 L X /erg s −1 10 41 ) may be explained by an accreting IMBH (Kaaret et al. 2017) . Besides GWs, tidal disruption events (TDEs) may also provide a definitive proof of the possible presence of an IMBH in the center of a cluster. A TDE is the dismantling of a passing star by tidal fields in the vicinity of an IMBH. TDEs have been observed in galactic nuclei, as a consequence of the disruption of a star by an SMBH, but the overall rate is still quite uncertain (≈ 10 −5 − 10
per galaxy) (Stone & Metzger 2016; Alexander 2017) . In galactic nuclei, the TDE rate may be enhanced due to the presence of an IMBH via ongoing Kozai-Lidov oscillations (Chen et al. 2009 (Chen et al. , 2011 Li et al. 2015) . Recently, Fragione & Leigh (2018) claimed that any TDEs in galaxies with bulges more massive than ≈ 4.15 × 10 10 M would remain dark, unless a lower-mass secondary SMBH or IMBH is also present. IMBHs in star clusters may also consume stars passing in their vicinity. In a series of papers, Baumgardt et al. (2004a Baumgardt et al. ( ,b, 2010 used N-body simulations to study the TDE rate by an IMBH in an isolated GC. Recently, Lin et al. (2018) observed a TDE event consistent with an IMBH in an off-centre star cluster, at a distance of ∼ 12.5 kpc from the centre of the host galaxy.
In this paper, we address the question of whether the primordial GC population that formed in galaxies of different sizes can retain their IMBHs, and examine the expected rate of TDEs and IMRIs. We model the evolution of GCs in the Galactic field by following the semi-analytical method outlined in Gnedin et al. (2014) , and also including the dynamics of the sub-cluster of IMBHs and SBHs which form in the cluster core, as described in Fragione et al. (2018b) . Moreover, we take into account the TDE consumption rate of cluster stars, which helps in consuming the cluster mass across cosmic time.
The paper is organized as follows. In Section 2, we present the semi-analytical method we use to evolve the primordial GC population over a Hubble time. In Section 3, we report the cosmological scaling relations used to construct our host galaxy and GC samples. In Section 4, we discuss GC and IMBH evolution in the host galaxy. We describe our inferred TDE rates and GW rates in Section 5 and Section 6, respectively. Finally, in Section 7 we draw our conclusions.
GLOBULAR CLUSTER EVOLUTION
In this section, we briefly report the equations used for evolving the GC population (for details see Gnedin, Ostriker, & Tremaine 2014, and references therein) . We assume that the cluster formation rate was a fixed fraction f GC,i of the overall star formation rate (Fragione, Antonini, & Gnedin 2018a) 
We describe our choice of f GC,i in Sect. 4. The initial mass of the clusters is sampled from a power-law distribution
where we adopt β = 2, M min = 10 4 M and M max = 10 7 M . We assume that all GCs formed at redshift z = 3, and calculate their subsequent evolution for 11.5 Gyr until the present-day .
We describe the GC mass loss via stellar winds, dynamical ejection of stars through two-body relaxation and the stripping of stars by the galactic field. We take into account mass loss due to two-body relaxation and stripping by the galactic tidal field according to (Prieto & Gnedin 2008) dM
where
is the typical tidal disruption time (Gieles & Baumgardt 2008) , and
is the (normalized) rotational period of the cluster orbit and V c (r) is the circular velocity at a distance r from the galactic centre. We set α = 2/3 (Gieles & Baumgardt 2008; Gnedin et al. 2014 ). In the limit of a weak tidal field, the evaporation of stars is controlled by internal dynamical evolution. We describe the typical evaporation time in isolation as a multiple of the half-mass relaxation time (Gieles et al. 2011; Gnedin et al. 2014 )
When a cluster arrives in the vicinity of the galactic centre, the tidal forces may be strong enough to dissolve the cluster. We assume that a GC is disrupted when the stellar density at the half-mass radius falls below the mean ambient density in the Galactic field (Antonini 2013) 
where ρ * (r) is due to the adopted field stellar mass and the growing mass of the nuclear stellar cluster. Following Gnedin et al. (2014) , we adopt the average density at the half-mass radius
which limits ρ h to 10 5 M pc −3 in the most massive clusters, which corresponds roughly to the highest observed half-mass density.
We initialize the clusters in a spherical distribution, mapping that of the field stars. We consider clusters to be orbiting on a circular trajectory of radius r and take this radius to be the time-averaged radius of the true, likely eccentric, cluster orbit . We consider the effects of dynamical friction on cluster orbits by evolving the radius r of the orbit according to (Binney & Tremaine 2008) Sérsic (1963) profile (n), effective radius (Re), mass of the dark matter halo (M h ), virial radius (R vir ), concentration of the dark matter halo (c h ), scale radius of the dark matter halo (r h ), initial mass fraction in GCs ( f GC,i ), total final mass in GCs (M GC,tot ), final number of GCs (N GC, f ). where
(10) We also include a correction for the non-zero eccentricities of the cluster orbits, f e = 0.5 (for details see Jiang et al. 2008; Gnedin et al. 2014 ).
Stellar mass function
Following the procedure outlined in Leigh et al. (2013) , for each GC, we adopt an initial stellar mass function (IMF)
where N is the number of stars with a given stellar mass m, and α and β are constants. We assume a power-law slope of α = 2.3 (Salpeter 1955) . The parameter β ensures that the correct total stellar mass is preserved when integrating the IMF. It is determined by normalizing the equation above using the total stellar mass
where M min and M max are the minimum and maximum stellar masses, respectively. Integrating this equation and solving for β yields
Plausible values for the upper and lower mass cut-off at low metallicity are m min = 0.08 M and m max = 150 M (e.g. Dabringhausen et al. 2012) . We emphasize, however, that our results are insensitive to the choice of upper-mass cut-off. Finally, for the progenitor lifetimes τ p , we assume that the MS lifetime τ MS (m) provides a good approximation, provided the progenitor mass is m ≤ 18 M . This seems justified because the MS lifetimes of low-mass stars greatly exceed that of every other evolutionary phase, typically by several orders of magnitude (e.g. Clayton 1968; Iben 1991; Maeder 2009 ). Note that we are ignoring any metallicity dependence in the MS lifetime, since metallicity should only weakly affect it. For the MS lifetime, we assume (Hansen & Kawaler 1994) 
with τ 0 = 10 10 yr. For progenitor masses m > 18 M , we impose a fixed total lifetime of 7 Myr (note that equation 7 yields the same MS lifetime of 7 Myr for m = 18 M ). This is in rough agreement with stellar evolution models, which predict a near-constant lifetime for massive stars at low metallicity (e.g. Iben 1991; Hurley et al. 2000; Maeder 2009 ). Thus, our final estimate for the total progenitor lifetime is
We assume that MS stars with progenitor masses < 8 M (e.g. Maeder 2009) evolve to become WDs, and more massive progenitors evolve to become either NSs or BHs. With this mass cut-off, we can compute the relative numbers of MS stars and WDs at every time-step in our model. This, in turn, is used to estimate the relative rates of TDEs of MS stars and WDs in Section 5.
3. GALAXY MODELS The galactic potential within which our GCs orbit is described by a Sersic profile and a dark matter halo. We also consider the nuclear star cluster as it starts forming. For each galaxy model, we fix the stellar mass content M * and its Sersic index n (Sérsic 1963) , and then we compute the other relevant parameters of the stellar mass and dark matter profile from cosmological simulations. We assume that the dark matter halo is described by a Navarro et al. (1997) profile. A Sersic profile of total mass M * is described also by the effective radius R e . We adopt the scaling relation between a galaxy size and its mass from Shen et al. (2003) . They found that such relation can be described by a log-normal distribution with
where a 1 = 0.56 and b 1 = 2.88 × 10 −6 , for early-type galaxies, and log R e kpc = log c 2 +a 2 log
where a 2 = 0.14, b 2 = 0.39, c 2 = 0.1, M 0 = 3.98 × 10 10 M , for late-type galaxies, and dispersion σ ≈ 0.4.
To link the stellar content of a galaxy to its halo, we assume the following scaling relation between the mass and dark matter content of a given galaxy (Guo et al. 2010; Moster et al. 2010 )
a 3 = 1.068, b 3 = 0.611, d 3 = 0.02817, M 1 = 10 11.9 M , and scatter σ log M * = 0.15. The virial size R vir of a galaxy scales with R e as (Kravtsov 2013; Somerville et al. 2018 )
with scatter 0.2 dex. Finally, the concentration of the dark halo, defined as c h = R vir /r h , where r h is the scale radius of the halo, scales with the mass of the halo as (Bullock et al. 2001 )
with scatter σ log c h = 0.14. Table 1 reports all the models used in this work, where host galaxy properties, the initial fraction of galactic mass in GCs, their final total mass and number are listed.
EVOLUTION OF THE PRIMORDIAL CLUSTER AND
IMBH POPULATIONS We evolve the primordial GC populations by means of the equations described in Section 2. The only parameter to be specified in our model is the initial amount of galactic mass in GCs. Unfortunately, the initial cluster mass fraction in GCs f GC,i is poorly understood, but current cluster counts together with radial and mass distributions indicate that it is of the order of a few percent . To overcome this problem, we make use of a clear correlation between the present-day mass of the GC population and of the host halo that emerges both from simulations and observations (Harris et al. 2013 (Harris et al. , 2014 Harris 2016; Choksi et al. 2018 )
with an intrinsic scatter of 0.2 dex. For each halo mass, we run models with different f GC,i until we satisfy Eq. (21) at present. As shown in Table 1 , this approach yields GC populations with specific number frequencies (and specific mass frequencies) in agreement with what has been observed for a wide range of galaxy types (e.g. Harris 1999 Harris , 2009 Harris et al. 2014; Harris 2016) . Figure 1 reports the mass accreted onto the galactic nucleus (within 10 kpc) by disrupted GCs in early type galaxies (top) and late type galaxies (bottom) of stellar mass M * = 10 11 M as a function of the Sersic index. In these galaxies, the typical accreted mass is ≈ 1.5 × 10 9 M and both the galaxy type and Sersic index have only a little impact on the final radial profile of the accreted mass and almost no effect on the total amount.
While the clusters evolve in the Galactic field, we evolve the IMBH population similarly to Fragione et al. (2018b , see also references therein), whose procedure we briefly summarize here for completeness. The survival of an IMBH in a GC evolving in a host galaxy is mainly determined by its interactions with the surrounding environment, which is mainly composed of SBHs. IMBH-SBH interactions commonly happen in the core of the host GC and may kick the IMBH out of the cluster if the GW recoil velocity exceeds the local escape speed. The characteristics of the IMBH-SBH merger events are described by a few parameters
• the initial fraction of GC mass in IMBHs f = M IMBH /M GC
• the typical timescale t coll between two subsequent IMBH-SBH mergers
• the slope ζ of the SBHs mass function
• the spins χ of the IMBHs and SBHs
• the eccentricities e IMBH−SBH of the IMBH-SBH merger event In this paper, we assume for our main model that f = 0.01, t coll = 50 Myr, ζ = 1, and that both the IMBH and SBHs have zero spin and that e IMBH−SBH = 0. We discuss how the results depend on different choices for these parameters at the end of the following sections. Apart from IMBH-SBH events, we upgrade the scheme outlined in Fragione et al. (2018b) by self-consistently considering also the effects of ongoing TDEs on the cluster structure. Every time step, the IMBH may grow both because of an IMRI event or because of a TDE event. In a TDE, half of the stellar mass is expected to fall in and be accreted by the IMBH, and half is ejected. Hence, we increase the IMBH mass by half of the initial stellar mass for each TDE event (Stone, Sari, & Loeb 2013) .
Figures 2-3 illustrate the radial distribution of IMBHs from the centre of their host galaxy (normalized to the peak value) and the cumulative distribution of GCs surviving until the present time and still hosting an IMBH. As reported in Tab. 1, the larger the galaxy the larger the number of surviving clusters satisfying Eq. (21). The main effect of the host galaxy mass is to shift the peak of the distribution to larger distances, from ≈ 5 kpc in the smallest galaxy considered here to ≈ 12 kpc in the largest galaxy. We note that GC distributions tend to be broader around the peak of their number distributions in elliptical galaxies relative to spiral galaxies, in which they appear more concentrated around the peak. The Sersic index affects slightly the cluster distribution (the lower n the smaller the peak distance), but it has a negligible effect on the final number of GCs.
TIDAL DISRUPTION EVENTS
We calculate the TDE rates by IMBHs in GCs in two limiting cases: one in which a density cusp cannot form due to a rapid depletion by TDEs and one in which a density cusp of stars with total mass M IMBH forms around the IMBH. In both cases, we take into account the stars accreated by the IMBH and remove stars from the host GC every time they undergo a TDE.
The tidal disruption of a star by an IMBH occurs when a star on an eccentric orbit has angular momentum smaller than the so-called loss-cone angular momentum (Baumgardt et al. 2010 )
is the tidal disruption radius of a star of mass m * and radius R * . Within the IMBH radius of influence
where σ c is the velocity dispersion in the cluster core, the dynamics is dominated by the IMBH gravitational potential. Nevertheless, stars exchange energy and angular momentum through two-body interactions on the typical relaxation timescale
where Λ is a dimensionless constant of order of unity (which contains the Coulomb logarithm), σ(a) and ρ(a) are the velocity dispersion and density at semi-major axis a, respectively. As a consequence of the numerous small-angle two-body deflections, a star with energy E and angular momentum J will diffuse in E-J space (for a comprehensive review see Alexander 2017, and references therein). Being a random-walk process, the change in angular momentum in a time t T 2b is δJ ≈ (t/T 2b ) 1/2 J c (J c is the angular momentum of a circular orbit with the same a), which implies a typical timescale
where e is the eccentricity of the star, to change the angular momentum of order J. Thus more eccentric orbits relax more rapidly than circular orbits at the same a. If δJ J LC (empty loss-cone regime), any star deflected into the loss-cone is disrupted within a dynamical time, while if δJ J LC (full loss-cone regime) stars may be scattered in and out of the loss-cone on their way from apoapse to periapse (Baumgardt et al. 2004a (Baumgardt et al. ,b, 2005 . After a rapid initial phase characterized by the wandering of the IMBH through a sea of stars (Chatterjee, Hernquist, & Loeb 2002a,b) , Stone, Küp-per, & Ostriker (2017) showed that accretion of stars in the full loss-cone regime marks an early stage of black hole accretion, whose rate soon becomes comparable (and then negligible) to the empty loss-cone regime, which dominates at later . Comoving TDE rate per galaxy from MS (left) and WD (right) stars for elliptical galaxies (top) and spiral galaxies (bottom) for different Sersic indexes and mass in stars, as a function of redshift z. The rates shown are reduced by the initial fraction of GCs hosting IMBHs. TDE rates in elliptical and spiral galaxies are similar to within 10% and MS TDE rates are more common than WD TDE rates by a factor 30 (100) at z ≤ 0.5 (z= 2). times. In our calculations we neglect the initial full loss-cone case and assume that the IMBH always accretes at the empty loss-cone rate, thus underestimating the initial TDE rate. Assuming a Plummer model for GCs, we adopt Equation (18) of Syer & Ulmer (1999) to compute the empty-loss cone rate as
Here ρ h is given as a function of M GC by equation (8). Equation (27) shows that the TDE rate Γ is independent of the tidal disruption radius r t , and hence independent of the stellar mass or radius. More accurate calculations of the TDE rate show a weak logarithmic dependence on r t in the empty loss cone regime which modifies the results to within a factor ∼ 2 (e.g. Syer & Ulmer 1999) . The rate of TDEs of MS stars and WDs can be calculated from equation (27) by scaling the result by N MS /N and N W D /N, respectively, the number fraction of MSs and WDs with respect to all stars: Figure 4 illustrates the TDE rates from MS (left) and WD (right) stars for elliptical galaxies (top) and spiral galaxies (bottom) for different Sersic indexes and galactic masses in stars as a function of redshift z. The largest galaxies are expected to have larger TDE rates as a consequence of having the largest numbers of initial and surviving clusters. The rapid increase of the rates at large redshifts is due to the large number of clusters at the beginning of our simulations, some of which (the less massive) rapidly evaporate or get disrupted. Moreover, independently of the galaxy mass, we note a similar decrease in time of the TDE rate. We note that the WD rate increases at high redshift when the WD creation rate dominates, while decreases at later times when the GC disruption rate dominates. The MS TDE rate is ≈ 10 −4 − 10 −3 yr −1 , while the WD rate is ≈ 30 times smaller in every galaxy. Both galaxy type and Sersic index do not have a significant effect on the rate.
In Fig. 6 , we report the relative contributions of IMBHs of different masses to the MS TDE rate for a spiral galaxy of stellar mass M * = 10 11 M and Sersic index n = 2. IMBHs less massive than ∼ 1000 M produce a significant TDE rate up to z 1. Massive IMBHs ( 1000 M ) have a rate ∼ 10 −4 −10 −3 yr −1 , contributing to most of the integrated galactic TDE rate. In Fig. 7 , we show the evolution in redshift of the ratio M IMBH /M GC for three illustrative cases for the GC initial masses ∼ 10 6 −5×10 6 M , and IMBH initial masses ∼ 10 4 − 5 × 10 4 M . The IMBH mass grows from 1% of the GC mass to ∼ 6 − 12%, both because the cluster loses mass due to stellar winds and tidal stripping by the galaxy and because the IMBH accretes mass from TDEs. In smaller clusters, the ratio can even grow to larger values. Figure 5 shows a comparison of the TDE rate as a function of redshift for different values of the stellar mass function slope α. These mass function slopes are meant to be representative of different time-averaged values, accounting very approximately for the depletion of preferentially low-mass stars due to internal two-body relaxation (Leigh et al. 2012) . The green and red curves showing α = 0.5 and 4 can be interpreted as a rough estimate for the maximum and minimum values for the evolution of the stellar mass function due to two-body relaxation. It is clear from the comparison of these curves that top heavy mass functions imply significantly increased relative rates of TDEs of WDs versus MS stars by up to a factor of 100. In GCs most affected by two-body relaxation, we may even expect the WD TDE rate to surpass the MS TDE rate at redshift z = 0, if dN/dm ∝ m −0.5 . In the previous discussion, we assumed that there is no cusp around the IMBH. If a cusp forms and the cluster can efficiently refill it to maintain a density cusp in the IMBH vicinity, the number of stars at semi-major axis a is
where N in f = M IMBH /m * is the enclosed number of stars at the influence radius and θ is the slope of the cusp. The classical result of Bahcall & Wolf (1976) predicts a slope θ = 7/4. In the case the depletion of the cusp is more efficient than the refilling, the typical distribution of stars within the IMBH influence radius will have a smoother profile, as discussed previously. In the case of a cusp, by using Equation (18) cluster
where we used
. Note that the rates are higher for larger GC masses and smaller IMBH masses. Figure 8 shows the TDE rates from MS stars assuming a cusp profile (Eq. 30) and a Plummer (Eq. 27) profile for a spiral galaxy of stellar mass M * = 10 11 M and Sersic index n = 2. Near the peak of GC formation at redshift z = 3, the TDE rate from the cusp profile exceeds the Plummer model contribution by a factor of ∼ M GC /M IMBH = 100. Larger TDE rates imply a more rapid consumption of the GC by the IMBH, which translates in to a lower rate at smaller redshifts. In the cusp case, the mass in stars accreted by the IMBH is larger and M GC will decrease faster, thus lowering the rate in Eq. 30, which becomes comparable to the Plummer rate at lower redshifts (z 1.5).
We use the results of our simulated GC models to make predictions for the cosmological TDE rate. To compute the cosmological rate, we need information both on the cluster population as a function of redshift and host galaxy type and properties. This can be achieved by weighting the observed GC frequencies with a Schechter function, that takes into account the redshift dependence of the number density of galaxies at a given (stellar or dark matter) mass. The Schechter function has been investigated both observationally and with cosmological simulations, which seem to agree (Furlong et al. 2015) . However, observations of the cluster abundances in different galaxies is available mostly only for the local universe. Rodriguez et al. (2015) used published data at z = 0 to compute the local density of clusters (Harris et al. 2013, see also) . To overcome this lack of data, we adopt a simple approach to compute the cosmological redshift of TDEs
is the comoving spatial density of GCs and Γ TDE (z) is the average TDE rate (per cluster), computed from the results of our simulations by substituting into equation (27) . We define κ 1 as the local GC density that depends on the galaxy type. We correct for κ 2 (z) = N GC (z)/N GC (0), where N GC (z) and N GC (0) are the numbers of GCs at redshift z and GCs that survive until the present, respectively, to take into account TDEs which happen in GCs at redshift z that have dissolved by z = 0 . We then compute the contribution of each galaxy of a given mass to κ 1 , by considering the relative contribution of each model weighting its present-day cluster frequency (see last column in Tab. 1) by the present-day Schechter funtion, similar to Harris (2016) . We adopt the Schechter function as described in Furlong et al. (2015) 
where Φ c is a normalization constant, M c = 10 11.14 M and α = −1.43. In the previous equation, M * is the baryonic mass of a given galaxy. The contribution of different galaxy masses to the rates are calculated by setting κ 1 (M * ) = κ 1,av Φ(M * )∆M * / dM * Φ(M * ), where κ 1,av = 0.17 Mpc −3 for elliptical galaxies and κ 1,av = 0.13 Mpc −3 for spiral galaxies (Rodriguez et al. 2015) ). Figure 9 shows the cosmological TDE rates from MS (left) and WD (right) stars for elliptical galaxies (top) and spiral galaxies (bottom) for different Sersic indexes and masses in stars, as a function of redshift z. While there is no significant dependence on the Sersic index, elliptical galaxies tend to have cosmological rates ≈ 2 times larger than spiral galaxies. In both galaxy types, the smallest galaxy has the largest rate, while the M * = 5 × 10 10 M and M * = 10 11 M galaxies give roughly similar contributions. Actually, even if the smallest galaxies have smaller numbers of clusters, they are more abundant than larger galaxies, as a consequence of the weight from the Schechter function.
We assume in all our discussions for our main model that f = 0.01, t coll = 50 Myr, ζ = 1, both the IMBH and SBHs have zero spin and e IMBH−SBH = 0. We run additional models to check how the results depend on these parameters. Importantly, only the initial GC mass fraction in IMBHs f affects the results consistently, since smaller IMBH masses imply larger rates (see Eq. 27). In this case, the mass in stars accreted by the IMBH is larger and M GC will decrease, thus lowering the rate in Eq. 27. As discussed in the case of a Plummer model with respect to a cusp model, apart from the very beginning, these two effects compensate and the resulting rate is roughly independent of the IMBH mass. Finally, we find that only the spin may play some role at large redshifts since the GW recoil kick becomes larger and may eject more efficiently the IMBHs (Fragione et al. 2018b) , thus decreasing the rate. However, the population of IMBHs surviving within clusters is not affected since the mass ratio in a typical IMBH-SBH event is quite small and the kick velocity typically does not exceed the cluster escape speed.
We note that in our calculations we assume that all clusters in a given galaxy host an IMBH in their centres. In reality, only a fraction of the clusters may host IMBHs, and some of them could develop an IMBH at later times (Giersz et al. 2015) . Thus our calculations represent an upper limit for the TDE rate from IMBHs in GCs, which is in agreement with the recent observations of Lin et al. (2018) . 6. GRAVITATIONAL WAVES We now use the results from our simulated GC models to make predictions on the merger rate of IMRIs. As discussed in more detail in Fragione et al. (2018b) , the IMRI rate is highly uncertain and depends on several parameters that describe the typical IMBH-SBH merger events. We compute the IMRI rate as
where n GC,total (z) is described in Eq. 31 and Γ IMRI is the average IMRI rate (per cluster) taken from the results of our simulations. Figure 10 illustrates the IMRI rate from early type galaxies (top) and late type galaxies (bottom), as a function of redshift, for different galaxy stellar masses and Sersic indexes. Similarly to the TDE rate, the IMRI rate is dominated by the smallest galaxy, while no significant difference is found for different galaxy types and Sersic indexes. The typical IMRI rate at low redshift is of the order of ≈ 0.5 − 3 Gpc −3 yr −1 , which becomes as high as ≈ 100 Gpc −3 yr −1 near the peak of GC formation at z = 3.
Figure 11 (top) shows the contribution to the total rate by IMBHs of different masses across cosmic time. IMBHs of mass M IMBH < 10 3 M are efficiently ejected at large redshifts (z 0.5), while more massive IMBHs are expected to contribute to the total rate in the local universe. We divide our IMRI events in different mass bins since different instruments are expected to observe IMBH-SBH mergers with higher/lower sensitivity for different IMBH-SBH binary masses and mass ratios. The largest rate comes for 10 3 M < M IMBH ≤ 10 4 M , which will be detectable by either LISA or ET. ET is expected to observe GW events up to z ≈ 2, for which our results predict a detection rate of ≈ 2 Gpc −3 yr −1 . Advanced LIGO, VIRGO, and KAGRA will be able to observe the low-end of the IMBH population ( 10 3 M ) up to z ≈ 1.0. Our models predict a rate of 0.1 − 0.5 Gpc −3 yr −1 for 0.6 z 1 for 300 M IMBH 1000 M . LISA may detect IMBHs of all masses, as the population of massive ( 10 4 M ) IMBHs, whose rate density is ≈ 0.1 − 0.2 Gpc −3 yr −1 , nearly independent of redshift. Finally, we note that IMBHs of a few hundred solar masses are in clusters dissolved by the galactic tidal field or are efficiently ejected by GW recoils at z 2.5.
While in the case of TDEs the different assumptions on f and t coll do not influence the relative rates, the IMRI rate is affected by the choice of these two parameters (Fragione et al. 2018b). Figure 11 (bottom) shows the IMRI rate as a function of redshift for a Milky-Way like galaxy for different assumptions on f and t coll . The former affects the rate only at large redshift since less massive IMBHs are more easily removed from GCs by GW kicks. The typical time between two mergers affects the rate at all redshifts, where larger t coll 's implies smaller IMRI rates. As noted in Fragione et al. (2018b) , GW observations may constrain the GC models by measuring the mass, spin, and redshift distribution of IMBH mergers, and similar considerations hold for SBH-SBH mergers (Fragione & Kocsis 2018 ).
7. DISCUSSION AND SUMMARY In this paper, we present a semi-analytic model that, for a given host galaxy, self-consistently models the time evolution of its globular cluster population in a realistic tidal field of the host galaxy. The model accounts for dynamical friction of the GCs, internal two-body relaxation, stellar evolution, evaporation, tidal stripping and disruption. We also take into account SBH-IMBH mergers, which can kick an IMBH out of the cluster due to a GW recoil kick. We use this model to compute the fraction of GCs still hosting IMBHs at a given redshift relative to the initial fraction, and the corresponding rate of TDE events between stars and a given IMBH. This is done for both main-sequence and white dwarf stars, such that their relative rates can be compared as a function of cosmic time as the stellar populations that comprise our model GCs age. Our results suggest that, for a given host galaxy, the integrated TDE rate for the entire GC population can exceed that expected in the galactic nucleus due to an SMBH, for many galaxies. This strongly argues that future time-domain surveys and observational efforts designed to identify TDE events should not confine themselves to galactic nuclei alone, but should also consider the outer galactic halo where massive old GCs hosting IMBHs are most likely to reside. Such candidate TDE events may already have been observed, called "calcium-rich gap transients", which are associated with large physical offsets from their host galaxies (Frohmaier et al. 2018) . The TDE recently observed by Lin et al. (2018) is consistent with an IMBH in an off-centre star cluster, at a distance of ∼ 12.5 kpc from the center of the host galaxy.
Interestingly, we find that the relative rates of WD and MS TDEs change substantially over the course of cosmic time, such that the WD TDE rate can even exceed the MS TDE rate at z ∼ 0. Observationally, this could be interesting for a few reasons. First, theoretical studies have shown that WD TDEs tend to be associated with strong x-ray emission (Metzger 2012; Kawana et al. 2018) , whereas MS TDEs are not accompanied by x-rays. Naively, our results therefore predict that a larger fraction of TDEs associated with x-ray emission should occur at smaller redshifts in GCs, due to the increased presence of WDs as the GCs age. This is especially interesting when convolved with the results of Leigh et al. (2014) , who showed using a combination of N-body simulations and analytic methods that GCs hosting IMBHs have a low probability of simultaneously hosting x-ray binaries. It follows that the probability of a bright x-ray source in a GC hosting an IMBH is also low. Consequently, this contributes to a substantial increase in the probability of actually observing the x-rays associated with WD TDE events in old GCs hosting IMBHs, since other strong x-ray sources that could occult the TDE event are much less likely to be present in these GCs. We also calculated the relative rate of IMBH-SBH mergers across cosmic time. We find that the typical IMRI rate at low redshift is of the order of ≈ 0.5−3 Gpc −3 yr −1 , which becomes as high as ≈ 100 Gpc −3 yr −1 near the peak of GC formation at z = 3. We have also shown that the largest rate comes for 10 3 M < M IMBH ≤ 10 4 M , detectable by either LISA or ET, while Advanced LIGO, VIRGO, and KAGRA will be able to observe the low-end of the IMBH population ( 10 3 M ) up to z ≈ 1.0, whose expected rate is ≈ 0.1 − 0.5 Gpc −3 yr −1 for 0.6 z 1. Finally, we predict a rate density of ≈ 0.1 − 0.2 Gpc −3 yr −1 for the population of massive ( 10 4 M ) IMBHs, nearly independent of redshift, observable by LISA.
